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Abstract
In the paper, we will discuss the pointwise multipliers from Dirichlet type space Dp to Bloch type
space βq on the unit ball of Cn. The multiplier spaces M(Dp,βq) are fully characterized for all p, q.
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1. Introduction
Let X,Y be two spaces of holomorphic functions on the unit ball B of Cn. We call ϕ a
pointwise multiplier from X to Y if ϕf ∈ Y for all f ∈X. The collection of all pointwise
multipliers from X to Y is denoted M(X,Y ).
A positive and continuous function ϕ on [0,1) is normal if there exist 0 < a < b, 0 
r0 < 1 such that
(i) ϕ(r)
(1− r)a is nonincreasing for r0  r < 1 and limr→1−
ϕ(r)
(1− r)a = 0;
(ii) ϕ(r)
(1− r)b is nondecreasing for r0  r < 1 and limr→1−
ϕ(r)
(1− r)b =∞.
Let dv be the Lebesgue measure on B normalized so that v(B) = 1, and let dσ be the
normalized rotation invariant measure on the boundary ∂B of B so that σ(∂B) = 1. The
class of all holomorphic functions with domain B will be denoted by H(B). H∞ denotes
the class of all bounded holomorphic functions on the unit ball B .
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X. Zhang / J. Math. Anal. Appl. 285 (2003) 376–386 377Let f ∈ H(B). For p  0, f is said to be in the Bloch type spaces βp provided that
‖f ‖p =
∣∣f (0)∣∣+ sup
z∈B
(
1− |z|2)p∣∣Rf (z)∣∣<∞.
We know
f ∈ βp if and only if sup
z∈B
(
1− |z|2)p∣∣∇f (z)∣∣<∞,
where
Rf (z)=
n∑
j=1
zj
∂f (z)
∂zj
, ∇f (z)=
(
∂f (z)
∂z1
, . . . ,
∂f (z)
∂zn
)
.
For p ∈ R, the definition of Dirichlet type spaces Dp is as follows:
Dp =
{
f : f ∈H(B) and ‖f ‖Dp =
( ∑
|α|0
(
n+ |a|)p|bα|2ωα
)1/2
<∞
}
,
where
f (z)=
∑
|α|0
bαz
α, ωα =
∫
∂B
|ξα|2 dσ(ξ)= (n− 1)!α!
(n+ |α| − 1)! ,
α = (α1, . . . , αn), |α| = α1 + · · · + αn, α! = α1! . . .αn!, zα = zα11 . . . zαnn .
The spaces D0 and D−1 are just the Hardy space H 2 and the Bergman space L2a , respec-
tively. Dn is the Dirichlet space.
For 0 < p ∞, 0 < q ∞, and a normal function ϕ, let Hp,q(ϕ) denote the mixed
norm space on B with
Hp,q(ϕ)=
{
f : f ∈H(B) and ‖f ‖p,q,ϕ <∞
}
,
where
‖f ‖p,q,ϕ =
{ 1∫
0
(1− r)−1ϕp(r)Mpq (r, f ) dr
}1/p
(0 <p <∞, 0 < q ∞),
‖f ‖∞,q,ϕ = sup
0<r<1
ϕ(r)Mq(r, f ),
Mq(r, f )=
{ ∫
∂B
∣∣f (rξ)∣∣q dσ(ξ)
}1/q
(0 < q <∞),
M∞(r, f )= sup
ξ∈∂B
∣∣f (rξ)∣∣.
The multiplier theory of function spaces has been studied for a long time. The multipli-
ers of the Dirichlet type spaces in the unit disc were characterized in [1,2], and the same
problem on the unit ball of Cn was discussed in [3]. Using Bergman metric, Zhu studied
the pointwise multipliers on Bloch space, little Bloch space, BMO space, and VMO space
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wise multipliers of βp in the unit ball were characterized in [5]. All of these results about
multiplier theory are very useful in the discussion of the theory of operator and the other
properties of related function spaces. But we have not found the characterizations of the
pointwise multipliers in two different type function spaces. In this paper, we will try to
characterize the pointwise multipliers in two different type spaces Dp and βq . Our main
result is the following
Theorem.
(1) ϕ ∈M(Dp,βq) if and only if ϕ ≡ 0 for
0 q < n+ 2−p
2
or
{
p = n+ 2,
q = 0;
(2) M(Dp,βq)= βq for{
p > n,
q max{0, (n+ 2− p)/2}, except
{
p = n+ 2,
q = 0;
(3) M(Dp,βq)= βq−(n−p)/2 for n+ 2− 2q < p < n;
(4) M(Dp,βq)=H∞ for{
p < n,
p+ 2q = n+ 2;
(5) q > 1,
M(Dn,β
q)= Iq
=
{
ϕ: ϕ ∈H(B) and sup
z∈B
(
1− |z|2)q(log 1
1− |z|2
)1/2∣∣Rϕ(z)∣∣<∞};
(6) M(Dn,β1)= I1
=
{
ϕ: ϕ ∈H∞ and sup
z∈B
(
1− |z|2)(log 1
1− |z|2
)1/2∣∣Rϕ(z)∣∣<∞}.
2. Some lemmas
In the following, z= (z1, . . . , zn),w= (w1, . . . ,wn), 〈z,w〉 =∑nj=1 zj w¯j . We will use
the symbol c to denote a positive constant which may vary at each occurrence and does not
depend on any function or measure that we will deal with. We call M and N comparable
(denoted by M ≈N in the following) if there exist two positive constants C1 and C2 such
that C1M N  C2M .
In order to prove the main result, we first give some lemmas.
X. Zhang / J. Math. Anal. Appl. 285 (2003) 376–386 379Lemma 2.1. (1) Let 1 p ∞, 1 q ∞, f ∈Hp,q(h), t > b. Then
f (z)= P0,tf (z)= Γ (n+ t)
Γ (n+ 1)Γ (t)
∫
B
(1− |w|2)t−1f (w)
(1− 〈z,w〉)n+t dv(w),
where b is the positive number in the definition of normal functions.
(2) For p  0 and f ∈ H(B), if |f (z)|  c(1 − |z|2)−p , then f ∈ Hp+1,1((1 − r)δ)
(p < δ < p+ 1).
Proof. (1) P0,t is Bergman type operator. This is the result of Theorem A(iv) in [6].
(2) Let |f (z)| c(1− |z|2)−p . Then
M1(r, f )=
∫
∂B
∣∣f (rξ)∣∣dσ(ξ) c
(1− r2)p 
c
(1− r)p .
Hence
‖f ‖p+1,1,(1−r)δ =
{ 1∫
0
(1− r)−1+(p+1)δMp+11 (r, f ) dr
}1/(p+1)
 c
{ 1∫
0
1
(1− r)1+(p+1)(p−δ) dr
}1/(p+1)
<∞,
we have f ∈Hp+1,1((1− r)δ). ✷
Lemma 2.2. (1) Let f ∈ βp, |z|> 1/2. Then
∣∣f (z)∣∣


c, 0 p < 1,
c log(1− |z|2)−1, p = 1,
c(1− |z|2)1−p, p > 1.
(2) For p  0, if f ∈H(B) and |f (z)| c(1−|z|2)−p, then |Rf (z)| c(1−|z|2)−p−1.
Proof. (1) If f ∈ βp, then |∇f (z)| c(1− |z|2)−p , we have
∣∣f (z)∣∣=
∣∣∣∣∣f (0)+
1∫
0
1
t
Rf (tz) dt
∣∣∣∣∣
=
∣∣∣∣∣f (0)+
1∫
0
〈∇f (tz), z¯〉dt
∣∣∣∣∣ ∣∣f (0)∣∣+ |z|
1∫
0
∣∣∇f (tz)∣∣dt

∣∣f (0)∣∣+ |z|
1∫
c
(1− |tz|2)p dt 


c, 0 p < 1,
c log(1− |z|2)−1, p = 1,
2 1−p
0 c(1− |z| ) , p > 1.
380 X. Zhang / J. Math. Anal. Appl. 285 (2003) 376–386(2) Suppose that f ∈ H(B), |f (z)|  c(1 − |z|2)−p . We know f ∈ Hp+1,1((1 − r)δ)
(p < δ < p+ 1) from Lemma 2.1.
Let t = p+ 1, b = (p+ 1+ δ)/2. Then t > b, from Lemma 2.1, we have
f (z)= Γ (n+ p+ 1)
Γ (n+ 1)Γ (p+ 1)
∫
B
(1− |w|2)pf (w)
(1− 〈z,w〉)n+1+p dv(w).
So
∣∣Rf (z)∣∣=
∣∣∣∣∣ Γ (n+ p+ 2)Γ (n+ 1)Γ (p+ 1)
∫
B
〈z,w〉(1 − |w|2)pf (w)
(1− 〈z,w〉)n+2+p dv(w)
∣∣∣∣∣
 c
∫
B
1
|1− 〈z,w〉|n+2+p dv(w)
c
(1− |z|2)p+1 ,
by using Proposition 1.4.10 in [7]. ✷
Lemma 2.3. Let σ  0, w ∈ B , |w|> 1/2,
gσ,w(z)=
∑
|α|>0
|α|σ+|α|−1/2
α!e|α| w¯
αzα.
Then
(1) ‖gσ,w‖Dp ≈


(1− |w|2)−σ−(p−n)/2, 2σ + p− n > 0,
{log(1− |w|2)−1}1/2, 2σ + p− n= 0,
O(1), 2σ + p− n < 0;
(2) gσ,w(w)≈
{
(1− |w|2)−σ , σ > 0,
log(1− |w|2)−1, σ = 0, (Rgσ,w)(w)≈
(
1− |w|2)−1−σ .
Proof. (1) Using Stirling formula and [8], we have
‖gσ,w‖2Dp =
∑
|α|1
(n+ |α|)p|α|2σ+2|α|−1
(α!)2e2|α| ωα|w
α|2
=
∞∑
m=1
(n+m)pm2σ+2m−1(n− 1)!
e2mm!(n+m− 1)!
∑
|α|=m
|α|!
α! |w
α|2
=
∞∑
m=1
(n+m)pm2σ+2m−1(n− 1)!
e2mm!(n+m− 1)! |w|
2m
≈
∞∑
m=1
|w|2m
mn+1−p−2σ
≈


(1− |w|2)−σ−(p−n)/2, 2σ + p− n > 0,
{log(1− |w|2)−1}1/2, 2σ + p− n= 0,
O(1), 2σ + p− n < 0.
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∑
|α|1
|α|σ+|α|−1/2
e|α|α! w
αw¯α =
∞∑
m=1
mσ+m−1/2
emm!
∑
|α|=m
|α|!
α! |w
α|2
=
∞∑
m=1
mσ+m−1/2
emm! |w|
2m ≈
∞∑
m=1
|w|2m
m1−σ
≈
{
(1− |w|2)−σ , σ > 0,
log(1− |w|2)−1, σ = 0,
(Rgσ,w)(w)=
∑
|α|1
|α|σ+|α|+1/2
e|α|α! |w
α|2 =
∞∑
m=1
mσ+m+1/2
emm! |w|
2m
≈
∞∑
m=1
|w|2m
m−σ
≈ 1
(1− |w|2)1+σ .
Lemma 2.4. Let f ∈Dp , 1/2< |z|< 1, i = 0,1. Then
∣∣R(i)f (z)∣∣


c(1− |z|2)−(n−p+2i)/2, p < n+ 2i,
c{log(1− |z|2)−1}1/2, p = n+ 2i,
c, p > n+ 2i.
Proof. Let J (z)=∑|α|0(n+ |α|)−pω−1α |zα|2. By Hölder inequality, we have
∣∣f (z)∣∣2 = ∣∣∣∣ ∑
|α|0
bαz
α
∣∣∣∣
2

( ∑
|α|0
|bα||zα|
)2

∑
|α|0
(
n+ |α|)pωα|bα|2 ∑
|α|0
(
n+ |α|)−pω−1α |zα|2 = ‖f ‖2DpJ (z).
From Lemma 1 in [3], we know
J (z)≈


c(1− |z|2)p−n, p < n,
log(1− |z|2)−1, p = n,
O(1), p > n.
So
∣∣f (z)∣∣


c(1− |z|2)(p−n)/2, p < n,
c{log(1− |z|2)−1}1/2, p = n,
c, p > n.
Since Rf (z)=∑|α|>0 |α|bαzα , we can obtain
∣∣Rf (z)∣∣


c(1− |z|2)(p−n−2)/2, p < n+ 2,
c{log(1− |z|2)−1}1/2, p = n+ 2,
c, p > n+ 2,
by using the same method as above. ✷
Lemma 2.5. Dp ⊂ βq for
q max
{
0, (n+ 2− p)/2} except {p = n+ 2,
q = 0.
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(
1− |z|2)q ∣∣Rf (z)∣∣


c(1− |z|2)q, p > n+ 2,
c(1− |z|2)q log(1− |z|2)−1, p = n+ 2 c,
c(1− |z|2)(2q+p−n−2)/2, p < n+ 2.
This implies that f ∈ βq . ✷
3. The proof of the theorem
(1) Let ϕ ∈M(Dp,βq).
Case (i): p < n and p + 2q < n + 2. We can find σ such that max{0, q − 1} < σ <
(n− p)/2.
Since Mϕ :f → ϕf (f ∈Dp) is linear operator from Dp to βq . By the closed graph
theorem and Lemma 2.3, we get
‖ϕgσ,w‖βq  ‖Mϕ‖‖gσ,w‖Dp  c.
Thus ∣∣R(ϕ(z)gσ,w(z))∣∣ c
(1− |z|2)q . (3.1)
From (3.1) and Lemma 2.2 for |z|> 1/2, we have
∣∣ϕ(z)gσ,w(z)∣∣


c(1− |z|2)1−q, q > 1,
c log(1− |z|2)−1, q = 1,
c, 0 q < 1.
Let z=w. By Lemma 2.3,
∣∣ϕ(w)∣∣


c(1− |w|2)σ−q+1, q > 1,
c(1− |w|2)σ log(1− |w|2)−1, q = 1,
c(1− |w|2)σ , 0 q < 1.
Hence, |ϕ(w)| → 0 (|w| → 1). By maximum modulus principle, we have ϕ ≡ 0.
Case (ii): 0  q < 1 and n < p < n + 2 − 2q . Since σ > 0 > (n − p)/2, from
Lemma 2.3, we know
‖gσ,w‖Dp 
c
(1− |w|2)σ+(p−n)/2 . (3.2)
On the other hand,(
1− |z|2)q ∣∣gσ,w(z)Rϕ(z)+ ϕ(z)Rgσ,w(z)∣∣ ‖ϕgσ,w‖βq  c‖gσ,w‖Dp . (3.3)
Let z=w, from (3.2), (3.3), and using Lemma 2.3 again, a simple computation shows that∣∣ϕ(w)∣∣ c(1− |w|2)(n+2−p−2q)/2 + c(1− |w|2)∣∣Rϕ(w)∣∣. (3.4)
Using ϕ ∈ βq and (3.4), we have∣∣ϕ(w)∣∣ c(1− |w|2)(n+2−p−2q)/2 + c(1− |w|2)1−q → 0 (|w| → 1).
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discussions as in (ii), we can get
∣∣ϕ(w)∣∣ c(1− |w|2)1−q{log 1
1− |w|2
}1/2
+ c(1− |w|2)1−q log 1
1− |w|2 → 0(|w| → 1).
Case (iv): p = n+ 2 and q = 0. Let
fw(z)=
∞∑
k=2
〈z,w〉k
k2 logk
=
∑
|α|2
|α|!
(|α|2 log |α|)α! w¯
αzα.
Then
‖fw‖2Dn+2 =
∑
|α|2
(
n+ |α|)n+2{ |α|!
(|α|2 log |α|)α!
}2
|wα|2ωα
=
∞∑
k=2
(n+ k)n+2k!(n− 1)!
(k4 log2 k)(n+ k − 1)!
∑
|α|=k
|α|!
α! |w
α|2
=
∞∑
k=2
(n+ k)n+2k!(n− 1)!
(k4 log2 k)(n+ k − 1)! |w|
2k
≈
∞∑
k=2
|w|2k
k log2 k

∞∑
k=2
1
k log2 k
<∞.
This implies that fw ∈Dn+2. Thus
∣∣R(ϕ(w)fw(w))∣∣=
∣∣∣∣∣Rϕ(w)
∞∑
k=2
|w|2k
k2 logk
+ ϕ(w)
∞∑
k=2
|w|2k
k logk
∣∣∣∣∣ c‖fw‖Dn+2  c.
Due to ϕ ∈ β0,
∣∣ϕ(w)∣∣ ∞∑
k=2
|w|2k
k logk
 c+ ∣∣Rϕ(w)∣∣ ∞∑
k=2
|w|2k
k2 logk
 c+ c
∞∑
k=2
1
k2 logk
 c.
Since
∑∞
k=2 1/k logk =∞, we have |ϕ(w)| → 0 (|w| → 1).
(2) Case (i): q > 1 and p > n. From Lemma 2.4, we know Dp ⊂ H∞. Thus
M(H∞, βq)⊂M(Dp,βq)⊂ βq .
On the other hand, we can derive from Lemma 2.2 that βq ⊂ M(H∞, βq), thus
M(Dp,β
q)= βq .
Case (ii):{
0 q < 1,
p > n+ 2, or
{
p < n+ 2,
(n+ 2− p)/2 q < 1, or
{
0 < q < 1,
p = n+ 2.
From Lemma 2.5, we have Dp ⊂ βq . Hence M(βq,βq)⊂M(Dp,βq)⊂ βq .
On the other hand, from Theorem 2 in [5], we know that M(βq,βq) = βq . Thus
M(Dp,β
q)= βq .
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From Lemma 2.5, we have Dp ⊂ βr , thus M(βr,β1)⊂M(Dp,β1)⊂ β1.
On the other hand, from Theorem 4 in [5], we have M(βr,β1)= β1, thus M(Dp,β1)
= β1.
Let ϕ ∈ βq−(n−p)/2 in case (3), ϕ ∈ H∞ in case (4), ϕ ∈ Iq in case (5), and ϕ ∈ I1 in
case (6), by Lemmas 2.2 and 2.4, we can obtain ϕ ∈M(Dp,βq), and the details are omitted
there.
In the following, we come to prove their inverse inclusions, respectively.
(3) For n+2−2q < p < n, since ϕ ∈M(Dp,βq) and σ > (n−p)/2, from Lemma 2.3,
the closed graph theorem, and Lemma 2.2, we get∣∣ϕ(z)gσ,w(z)∣∣ c
(1− |z|2)q−1(1− |w|2)σ+(p−n)/2 .
Let z =w. By Lemma 2.3, |ϕ(w)| c(1− |w|2)−q+1−(p−n)/2. By using Lemma 2.2, we
have ∣∣Rϕ(w)∣∣ c
(1− |w|2)q−(n−p)/2 .
Thus ϕ ∈ βq−(n−p)/2.
(4) For p < n and p + 2q = n+ 2, let ϕ ∈M(Dp,βq) and σ > (n− p)/2. As in the
proof of (3), we can get∣∣ϕ(z)gσ,w(z)∣∣ c
(1− |z|2)q−1(1− |w|2)σ+(p−n)/2 .
Using p+ 2q = n+ 2 and Lemma 2.3, we have |ϕ(w)| c.
(5) Let ϕ ∈M(Dn,βq). By Lemmas 2.2, 2.3, and g0,w(z), we have
(
1− |w|2)q log 1
1− |w|2
∣∣Rϕ(w)∣∣ c{log 1
1− |w|2
}1/2
+ c c
{
log
1
1− |w|2
}1/2
.
Thus
(
1− |w|2)q{log 1
1− |w|2
}1/2∣∣Rϕ(w)∣∣ c.
(6) Let ϕ ∈M(Dn,β1). From Lemma 2.3, we get(
1− |z|2)∣∣R(ϕ(z)g1,w(z))∣∣ ‖ϕg1,w‖β1  c‖g1,w‖Dn  c1− |w|2 .
Further, we can get∣∣∣∣ϕ(w) 1(1− |w|2)2
∣∣∣∣ c∣∣Rϕ(w)∣∣ 11− |w|2 + c(1− |w|2)2 .
Due to ϕ ∈ β1, (1 − |w|2)|Rϕ(w)|  c. We have |ϕ(w)|  c + c(1 − |w|2)|Rϕ(w)|  c.
On the other hand, we know from Lemma 2.3 that
‖g0,w‖Dn ≈
{
log
1
2
}1/2
.1− |w|
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(
1− |z|2)∣∣g0,w(z)Rϕ(z)+ ϕ(z)Rg0,w(z)∣∣ c‖g0,w‖Dn  c
{
log
1
1− |w|2
}1/2
.
Let z=w. Using Lemma 2.3, we have
(
1− |w|2)∣∣Rϕ(w)∣∣ log 1
1− |w|2  c
{
log
1
1− |w|2
}1/2
+ c∣∣ϕ(w)∣∣
 c
{
log
1
1− |w|2
}1/2
+ c c1
{
log
1
1− |w|2
}1/2
.
Thus
(
1− |w|2)∣∣Rϕ(w)∣∣(log 1
1− |w|2
)1/2
 c1.
We complete the proof of the theorem. ✷
Using the above theorem, we can get the following results.
Corollary 1.
(1) ϕ ∈M(Dp,βp) if and only if ϕ ≡ 0 for p < (n+ 2)/3;
(2) n > 1, M(D(n+2)/3, β(n+2)/3)=H∞;
(3) n > 1, M(Dp,βp)= β(3p−n)/2 for (n+ 2)/3 <p < n;
(4) n > 1,
M(Dn,β
n)
=
{
ϕ: ϕ ∈H(B) and sup
z∈B
(
1− |z|2)n(log 1
1− |z|2
)1/2∣∣Rϕ(z)∣∣<∞};
(5) M(Dp,βp)= βp for p > n;
(6) n= 1,
M(D1, β
1)=
{
ϕ: ϕ ∈H∞ and sup
z∈U
(
1− |z|2)∣∣ϕ′(z)∣∣( log 1
1− |z|2
)1/2
<∞
}
,
where U is the unit disc.
Corollary 2. Let β be the Bloch space. Then
M(Dp,β)=
{
β, p > n,
I1, p = n,
{0}, p < n,
where
I1 =
{
ϕ: ϕ ∈H∞ and sup
z∈B
(
1− |z|2)∣∣Rϕ(z)∣∣(log 1
1− |z|2
)1/2
<∞
}
.
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